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TERNARY QUADRATIC FORMS REPRESENTING SAME
INTEGERS
JANGWON JU
Abstract. In 1997, Kaplansky conjectured that if two positive definite ternary
quadratic forms with integer coefficients have perfectly identical integral rep-
resentations, then they are isometric, both regular, or included either of two
families of ternary quadratic forms. In this article, we prove the existence of
pairs of ternary quadratic forms representing same integers which are not in
the Kaplansky’s list.
1. Introduction
For a positive definite quadratic form f of rank r with integer coefficients and a
nonnegative integer n, we define a set
Rpn, fq “ tpx1, x2, . . . , xrq P Z
r | fpx1, x2, . . . , xrq “ nu.
We also define rpn, fq “ |Rpn, fq|. It is well-known that if f is positive definite,
then rpn, fq is always finite. Determining rpn, fq for an arbitrary positive definite
quadratic form f is quite an old problem which is still widely open.
For a quadratic form f of rank r, the theta series of f is given by
θf pzq “
ÿ
xPZr
qfpxq “
8ÿ
n“0
rpn, fqqn pq “ e2piizq.
It is well known that θf pzq is a modular form of weight
r
2
. If two quadratic forms
f and g are isometric over Z, then clearly θf pzq “ θgpzq. However, the converse is
not true in general. In [17], Witt proved that there are two positive definite even
unimodular quadratic forms of dimension 16 which have the same theta series.
After that, such examples were found even in dimension 12, 8, and 4 (for details,
see [10], [9] and [15]). In [2], Conway and Sloane found a 4parameter family of pairs
of quaternary quadratic forms with same theta series. Furthermore, it was proved
that the Conway-Sloane tetralattice pairs are not isometric over Z (for details, see
[1]). However, it is well known that unary and binary positive definite quadratic
forms are determined up to integral equivalence by their theta series. Furthermore,
Schiemann proved that if two positive definite ternary quadratic forms have same
theta series, then they are isometric over Z (for details, see [16]).
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For a positive definite quadratic form f with integer coefficients, we define the set
Qpfq of all nonnegative integers n such that fpx, y, zq “ n has an integer solution.
For quadratic forms f1, f2, g1 and g2, we write tf1, g1u » tf2, g2u if f1 » f2 and
g1 » g2 or f1 » g2 and g1 » f2.
In 1938, Delone proved in [3] that for two binary quadratic forms f and g, if
Qpfq “ Qpgq, then they are isometric over Z except the case when
tf, gu » tx2 ` xy ` y2, x2 ` 3y2u.
In 1997, Kaplansky conjectured in his letter to Schiemann that for two ternary
quadratic forms f and g, if Qpfq “ Qpgq, then one of the following holds:
(i) f » g;
(ii) f and g are both regular;
(iii) tf, gu » tax2 ` by2 ` bz2 ` byz, ax2 ` by2 ` 3bz2u for some a, b P Z;
(iv) tf, gu » tax2`ay2`az2`byz`bxz`bxy, ax2`p2a´bqy2`p2a`bqz2`2bxzu
for some a, b P Z.
Here, a quadratic form f is called regular if it represents all integers that are locally
represented by f . It was proved that the conjecture holds if only diagonal ternary
quadratic forms are considered (for details, see [4]).
Recently, Oishi-Tomiyasu gave a list of candidates of sets of ternary quadratic
forms violating Kaplansky conjecture. Actually, it was proved that ternary qua-
dratic forms contained in each set Si for i “ 1, ¨ ¨ ¨ , 15 in Table 1.1 which are not
isometric each other and are not regular represent same integers up to 3, 000, 000.
Furthermore, she provided a modified version of Kaplansky conjecture (for details,
see [13]). All sets in Table 1.1 except S13 was firstly provided by Jagy and he checked
that each quadratic form in the sets represents same integers up to 1, 000, 000.
In this article, we prove the existence of pairs of ternary quadratic forms repre-
senting same integers which are not in the Kaplansky’s list. Actually, we prove that
each of two quadratic forms contained in S4, S6, S7 and S8 in Table 1.1 represents
same integers.
Let
fpx1, x2, . . . , xrq “
ÿ
1ďi,jďr
aijxixj paij “ aji P Zq
be a positive definite integral quadratic form. The corresponding integral symmetric
matrix of f is defined by Mf “ paijq. For an integer k, we say k is represented by
f if the equation fpx1, x2, . . . , xmq “ k has an integer solution.
Any unexplained notations and terminologies can be found in [8] or [14].
2. General tools
In [7], [11], and [12], we developed a method that determines whether or not
integers in an arithmetic progression are represented by some particular ternary
quadratic form. We briefly introduce this method for those who are unfamiliar
with it.
Let d be a positive integer and let a be a nonnegative integer pa ď dq. We define
Sd,a “ tdn` a | n P NY t0uu.
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Table 1.1. Ternary quadratic forms with same representations
S1 5x
2 ` 8y2 ` 8z2 ´ 5yz ´ xz ´ 4xy, 5x2 ` 5y2 ` 8z2 ´ yz ´ 4xz ´ 2xy
S2 3x
2 ` 4y2 ` 7z2 ´ yz, 3x2 ` 4y2 ` 7z2 ` 4yz ` 3xz ` 3xy
S3 x
2 ` 4y2 ` 7z2 ´ yz, x2 ` 4y2 ` 5z2 ´ yz ´ xz
S4 4x
2 ` 7y2 ` 25z2 ´ 4yz ´ 2xz ´ 2xy, 4x2 ` 7y2 ` 7z2 ` 5yz ` 2xz ` 2xy
S5 2x
2 ` 6y2 ` 41z2 ´ 3yz ´ xz, 2x2 ` 2y2 ` 41z2 ` yz ` 2xz ` 2xy
S6 2x
2 ` 6y2 ` 14z2 ´ 3yz ´ xz, 2x2 ` 2y2 ` 14z2 ` yz ` 2xz ` 2xy
S7 2x
2 ` 4y2 ` 8z2 ` 4yz ` xz ` xy, 2x2 ` 2y2 ` 4z2 ´ yz ´ 2xz
S8 5x
2 ` 5y2 ` 8z2 ´ 4xz ´ 3xy, 5x2 ` 7y2 ` 7z2 ` 6yz ` xz ` 5xy
S9 3x
2 ` 3y2 ` 7z2 ` yz ` 2xz ` xy, 3x2 ` 5y2 ` 5z2 ` 3yz ` xz ` 3xy
S10 5x
2 ` 5y2 ` 8z2 ´ yz ´ 2xz ´ 4xy, 5x2 ` 5y2 ` 6z2 ´ 3xz ´ 2xy
S11 2x
2 ` 4y2 ` 7z2 ´ xz ´ xy, 2x2 ` 4y2 ` 7z2 ` 4yz ` 2xz ` xy
S12 4x
2 ` 6y2 ` 7z2 ` 3yz ` 2xz ` 3xy, 4x2 ` 4y2 ` 6z2 ´ 3xz ´ 2xy
S13 5x
2 ` 12y2 ` 28z2 ´ 4xz ´ 4xy, 5x2 ` 12y2 ` 24z2 ´ 8yz ´ 4xy,
5x2 ` 12y2 ` 21z2 ´ 4yz ´ 2xz ´ 4xy, 5x2 ` 12y2 ` 12z2 ´ 4xz ´ 4xy
S14 3x
2 ` 5y2 ` 7z2 ´ 2yz ´ 2xy, 3x2 ` 5y2 ` 6z2 ´ 2xz ´ 2xy,
3x2 ` 5y2 ` 6z2 ` 4yz ` 2xz ` 2xy, 3x2 ` 3y2 ` 5z2 ´ 2yz ´ 2xz
S15 3x
2 ` 5y2 ` 5z2 ` 5yz ` 2xz ` 3xy, 3x2 ` 3y2 ` 5z2 ´ yz ´ 2xz ´ xy,
3x2 ` 3y2 ` 5z2 ` 2yz ` 3xz ` xy, 3x2 ` 3y2 ` 3z2 ` yz ` xz ` 3xy
For two integral ternary quadratic forms f, g, we define
Rpg, d, aq “ tv P pZ{dZq3 | vMgv
t ” a pmod dqu
and
Rpf, g, dq “ tT PM3pZq | T
tMfT “ d
2Mgu.
A coset (or, a vector in the coset) v P Rpg, d, aq is said to be good with respect to
f, g, d, and a if there is a T P Rpf, g, dq such that 1
d
¨ vT t P Z3. The set of all good
vectors in Rpg, d, aq is denoted by Rf pg, d, aq. If Rpg, d, aqzRfpg, d, aq “ H, then
we write
g ăd,a f.
If g ăd,a f , then by Lemma 2.2 of [11], we have
(2.1) Sd,a XQpgq Ă Qpfq.
In general, if d is large, then it is hard to compute the set Rpg, d, aqzRfpg, d, aq
exactly by hand. A MAGMA based computer program for computing the set could
be available upon request to the author.
3. Representations of ternary quadratic forms
In this section, we prove that each of two quadratic forms contained in S4, S6,
S7 and S8 in Table 1.1 represents same integers.
For some technical reason, we consider integral quadratic forms obtained from
quadratic forms in Table 1.1 by scaling 2. Let m be a positive integer. Note that
for two quadratic forms f and g, Qpfq “ Qpgq if and only if Qpmfq “ Qpmgq.
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(i) Quadratic forms in S4. Let fpx, y, zq “ 8x
2`14y2`50z2´8yz´4xz´4xy and
gpx, y, zq “ 8x2 ` 14y2 ` 14z2 ` 10yz ` 4xz ` 4xy. Then each symmetric matrix
corresponding to f and g is as follows:
Mf “
¨
˝ 8 ´2 ´2´2 14 ´4
´2 ´4 50
˛
‚ and Mg “
¨
˝8 2 22 14 5
2 5 14
˛
‚.
One may easily show that for T “
¨
˝1 0 00 0 ´2
0 ´1 1
˛
‚, T tMgT “ Mf , which implies
that f is a subform of g. Therefore, Qpfq Ă Qpgq.
It is enough to show that every positive even integer represented by g is also
represented by f . One may easily compute that
Rpg, 4, 0q “ tpv1, v2, v3q P pZ{4Zq
3 | v2 ” 0 pmod 2q, v3 ” 0 pmod 2qu.
Furthermore, note that Rpf, g, 4q consists of 8 matrices, and in particular, it con-
tains the following matrix:
T1 “
¨
˝4 2 20 4 2
0 0 2
˛
‚.
Then, we know that 1
4
¨ pv1, v2, v3q ¨ T
t
1 P Z
3, for any pv1, v2, v3q P Rpg, 4, 0q. There-
fore, g ă4,0 f holds. Then by (2.1), every positive integer congruent to 0 modulo 4
which is represented by g is also represented by f . As a sample, for p1, 4, 2q P Z3,
note that gp1, 4, 2q “ 392 and p1, 4, 2q is congruent to p1, 0, 2q modulo 4 which is
contained in Rpg, 4, 0q. Then
fp4, 5, 1q “ f
ˆ
1
4
¨ p1, 4, 2q ¨ T t1
˙
“ gp1, 4, 2q “ 392.
Similarly, one may easily show that
g ă12,6 f, g ă12,10 f.
In fact, Qpgq X t12n` 10 | n P N Y t0uu “ H. However, we consider this case for
completeness of the proof. It also happens for some other cases that we will consider
later. Therefore, by (2.1) every positive integer congruent to 6 or 10 modulo 12
which is represented by g is also represented by f . Now, for some nonnegative
integer n1 and v P Z
3, assume that gpvq “ 12n1 ` 2. One may easily check
that there are exactly 864 vectors in Rpg, 12, 2q and 144 matrices in Rpf, g, 12q.
Furthermore, all vectors in Rpg, 12, 2q are good vectors with respect to f, g, 12 and
2 except 32 vectors. Note that
Rpg, 12, 2qzRfpg, 12, 2q
“ tpv1, v2, v3q P pZ{12Zq
3 | v1 ı 0 pmod 3q, v2 ” ˘3 pmod 12q, v3 ” ˘3 pmod 12qu.
Now, define
rT “
¨
˝12 6 20 0 12
0 ´12 ´8
˛
‚.
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Note that rT tMg rT “ 122Mg. Then one may easily check that for any vector u P Z3
such that u pmod 12q P Rpg, 12, 2qzRfpg, 12, 2q,
(3.1)
1
12
¨ u rT t P Z3.
All computations were done by a computer program based onMAGMA. If v pmod 12q
is a good vector with respect to f, g, 12 and 2, then there is a T2 P Rpf, g, 12q such
that 1
12
¨vT t2 P Z
3 and fp 1
12
¨vT t2q “ 12n1`2. Assume that v pmod 12q is not a good
vector. Then by (3.1), we know that 1
12
¨v rT t P Z3. If 1
12
¨v rT t pmod 12q P Rf pg, 12, 2q,
then we are done. If 1
12
¨ v rT t pmod 12q is not good, then ` 1
12
˘2
¨ vprT tq2 P Z3 by
(3.1). Now inductively, we may assume that for any positive integer m,ˆ
1
12
˙m
¨ vprT tqm P Z3 and ˆ 1
12
˙m
¨ vp rT tqm pmod 12q P Rpg, 12, 2qzRfpg, 12, 2q.
Since there are only finitely many integer solution of gpx, y, zq “ 12n1` 2 and
1
12
rT
has an infinite order, it is impossible, unless v is an eigenvector of rT . Note that
p˘1, 0, 0q are the only integral primitive eigenvectors of rT . Hence, if 12n1`2 is not
of the form gp˘t, 0, 0q “ 8t2 for some positive integer t, then it is also represented
by f . Furthermore, 8t2 is represented by f since 8 is represented by f . Therefore
12n1`2 is represented by f . Hence, every positive even integer which is represented
by g is also represented by f . Therefore, f and g have perfectly identical integral
representations.
(ii) Quadratic forms in S6. Let fpx, y, zq “ 4x
2 ` 12y2 ` 28z2 ´ 6yz ´ 2xz and
gpx, y, zq “ 4x2 ` 4y2 ` 28z2 ` 2yz ` 4xz ` 4xy. One may easily show that f is a
subform of g. Therefore Qpfq Ă Qpgq.
It is enough to show that every positive even integer represented by g is also
represented by f . One may easily show that
g ă4,2 f, g ă8,0 f, g ă24,12 f, g ă24,20 f g ă48,4 f, and g ă48,28 f.
Therefore, we know that Qpgq Ă Qpfq by (2.1). Hence, f and g have perfectly
identical integral representations.
(iii) Quadratic forms in S7. Let fpx, y, zq “ 4x
2`8y2`16z2`8yz`2xz`2xy and
gpx, y, zq “ 4x2 ` 4y2 ` 8z2 ´ 2yz ´ 4xz. One may easily show that f is a subform
of g. Therefore, Qpfq Ă Qpgq.
It is enough to show that every positive even integer represented by g is also
represented by f . One may easily show that
g ă4,2 f, g ă24,0 f, g ă24,4 f,
g ă24,8 f, g ă24,12 f, g ă24,16 f, and g ă24,20 f.
Therefore, we know that Qpgq Ă Qpfq by (2.1). Hence, f and g have perfectly
identical integral representations.
(iv) Quadratic forms in S8. Let fpx, y, zq “ 10x
2 ` 10y2 ` 16z2 ´ 8xz ´ 6xy and
gpx, y, zq “ 10x2 ` 14y2 ` 14z2 ` 12yz ` 2xz ` 10xy . One may easily show that
g ă4,0 f, g ă12,2 f, g ă12,6 f, g ă36,10 f, g ă36,22 f, and g ă36,34 f.
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Therefore, we know that Qpgq Ă Qpfq by (2.1).
Conversely, one may easily show that
f ă4,0 g, f ă12,2 g, f ă12,6 g, f ă36,10 g, f ă36,22 g, and f ă36,34 g.
Therefore, we know that Qpfq Ă Qpgq by (2.1). Hence, f and g have perfectly
identical integral representations.
Remark 3.1. (1) For the other pairs in Table 1.1 not considered in this article, it
seems to be inadequate to apply our method.
(2) In 1981, Hsia conjectured in [5] that two positive ternary quadratic forms in
the same genus are equivalent if they primitively represent the same integers. Jagy
found two candidates of pairs of ternary quadratic forms violating Hsia’s conjecture.
Actually, He proved that each of two quadratic forms contained in S8 and S9 in
Table 1.1 which are contained in same genus primitively represents same integers
up to 1, 000, 000 (see [6]).
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